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Overview

The power-flow analysis of a distribution feeder is different from that of an
interconnected transmission system due to its radiality and unbalance.
Typically, what will be known prior to the analysis will be the three-phase
voltages at the substation and the complex power of all loads and the load
models (constant complex power, constant impedance, constant current, or a
combination).

* A power-flow analysis of a feeder can determine the following:

Voltage magnitudes and angles at all nodes of the feeder

Line flow in each line section specified in kW and kvar, amps and degrees, or
amps and power factor

Power loss in each line section

Total feeder input kW and kvar

Total feeder power losses

Load kW and kvar based upon the specified model for the load
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Overview

To sum up, to perform power flow analysis in the distribution systems:

Known Quantities:
3@ Voltage at substation
Complex power (P, Q) at each node
Grid topology + Impedance at line sections

Unknow Quantities (Want to Calculate)
Voltage magnitude & angle at every node
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Models for Power Flow

Because a distribution feeder 1s radial, iterative techniques commonly used in
transmission network power-flow studies are not used because of poor

convergence characteristics [1]. Instead, an iterative technique specifically
designed for a radial system 1s used.

Methods to carry out power flow 1n distribution systems can be classified into
two categories:

Bus Injection Model
Branch — Flow Model (Forward — Backward Sweep Method)
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http://e.pub/9dec1b7uaa89r3tep2cw.vbk/OPS/loc_011.xhtml#eid13453

Bus Injection Model

- Some celectrical distribution systems simulation software, such as
OpenDSS uses Bus Injection Model to perform power flow analysis.

- The net current inject is given by,
[ =Y.V where,

'Y" is Admittance Matrix (Combination of self & mutual admittance for each
bus).

- Note: Y is a symmetric matrix, 1.e. ¥;; = Yj;

1

- Forabus ‘i’

Yy =y; + ZII¥=1 k=i Yik » (the self-admittance of bus

[ plus the sum of the
admittances connecting to
bus ‘i’

and, Yi; = —yj;

Note: In transmission system, we use Gauss Seidel and Newton — Raphson iterative
methods to perform power flow analysis.

IOWA STATE UNIVERSITY EcPE Department




Bus Injection Model

In distribution Systems,

Algorithm:

1. Initialization:
No — Load Condition:

Isource = Ysource - Vsource [here, Vsource 15 a substation voltage]

2.V = [Ysystem]_l Asource
3. Update [I]
4. Update [V]*

[V1* = [y]'[1]*
5.Stop at (V¥*1 —Vk) < ¢
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Bus Injection Model: How to build [Y]?
7 Zo ] Tz T Zw
Ltz Zint2
Zy Zez | - Zoo 5  Zp
Zoas| | Zow
— %o | | Zamo | L Zms | RN
Source
STTTT ) m . Load /77,77
Zkl 0 0
Zr=10 2z, O (The source impedance is provided)
0 0 ZKk3
ykl 0 0
Yk — lel =10 ykz 0
0 0 yk3
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Bus Injection Model: How to build [Y]?

Zk1 Zkrn1 Zmn1 z 1 l_

ka12 Zrnn12

—1 20| Zino [ Zwe | Zv

Ziam13 Zn

ka23 Zm

— %« | Zing | Zn Zy

Source
orya K m n Load 7777
For k —m:

kal kalz ka13
ka = ka12 kaz ka23
ka13 ka23 ka3

ykml ykm12 ykmlg
Ykm - Z]:T;’L,l - ykmlz ykmz ykn23
ykm13 ykng ykmg
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Bus Injection Model: How to build

4

mea

Source

For m-n section:

Zmn1

Zmn12

Zmn13

-1 _
Zmn -

Zmnl 2
Zmn 2

Zmnz 3

ymnl

ymnlz

[ Zem | [ Zo ]
L =m ]
L2 Znt2
Zkrn2 | Zmn2
Cim1a
Zimoa Zmn23
T Zes | [ Zos |
m
Zmn13
Zmn23
Zmn3
ymnlz ymn13
ymnz ymn23
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Bus Injection Model: How to build [Y]?
— %] Zont | Zm Zn
Zari2 Zni2
Famts Zn
Zymo3 Zinza
— Zo | | Zews | L Zmns | L Zw
Source
Yoy K m n Load /////
Load:
Zn, O 0
ZTL = 0 an 0
0 0 z,,
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Bus Injection Model: How to build [Y]?
—{ Za | Zam | Zn Zn
Zari2 Zni2
S I = e T S T
Zymo3 Zinza
— Za | [ Zes | | Zws | S
i Source k | | Losd

- The overall [Y] matrix 1s,

Yi + Yiem —Yim 0
Y = _Ykm Ykm + Ymn _Ymn
0 —Youn Yoon + Y
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Branch Flow model

Some electrical distribution systems simulation software, such as Milsoft
Windmill uses Branch Flow Model to perform power flow analysis.

A distribution feeder can be broken into the “series” components and the
“shunt” components. These series components can be lines, transformers
(three-phase substation transformers, single-phase/three-phase distribution
transformers), voltage regulators...

* The shunt components of a distribution feeder are
* Spot static loads
* Spot induction machines
* Capacitor banks
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How to model Series Component?

Figure below is a general model of series component; no distinction is made as to
what type of element is connected between nodes.

I —— Source node

,®
abc
ki Node n Node m
<« 3 "
11
19— . boe | e Series feeder
I 8 abe cbaI | = component
: <« 4 12 [Iabc]n [Iabc]m
<e® a _:._C c .5 13 [Vabc]n [Vabc]m
9 7
‘ Fig.2 Standard feeder series component
model

IG

Fig.1 A typical unbalanced distribution feeder
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How to model Series Component?

Node n Node m
‘ = Series feeder
component
[f abc] M [Iﬂb{.'] i
[ Vabc] H [ Vabclm
v, I,
[Vabc]n= Vb [Iabc]m= Iy
|4 |
= ¢ n ¢ -m

« How to relate [V],, with [V],,,?
« How to relate [I],, with [I],,,?
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How to model Series Component?

Node n Node m
Series feeder
component
[fab{;] H [Iﬂb{.'] 1
[ Vabc] n [ Vabc]m

How to relate [V],, with [V],,,?

How to relate [I],, with [I],,?

 With reference to above figure, for any series components, they are modeled using the
following two equations.
* These two equations are also known as forward and backward sweep models.

Forward sweep:  [VLNgpc]m= [A] - [VLNgpcln —[B] * Uapcln (1)
(Update Voltage)
Backward sweep: [Iabc]n: [C] ) [VLNabc]m +[d] ) [Iabc]m (2)
(Update Current)
-Load Current Note: backward sweep is done from end node.
-KCL junction

* For different components, the equations have the same format, and [A], [B], [c], and [d] are
all 3 x 3 matrices.
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How to connect each & every node section?
Forward SWECP: [VLNabc]m= [A] ’ [VLNabc]n _[B] ’ [Iabc]n (1)

Backward sweep: [IOLbc]n= [C] : [VLNabc]m +[d] ’ [Iabc]m (2)

For line segment:

[A] = [u]

[B] = [Zabc] —

Zaa Zab Zac
Zea Zcb  Zec

Zba  Zbb Zbc] Q /mile * length
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How to connect each & every node section?
Forward SWECP: [VLNabc]m= [A] ’ [VLNabc]n _[B] ’ [Iabc]n (1)

Backward sweep: [IabC]Tl= [C] : [VLNabc]m +[d] ’ [Iabc]m (2)

For Transformer (A Grounded — Y Step-down):

1 1 0O -1
[Al=—]-1 1 0
Tlo -1 1
Zt 0 0 VLLygted primar
[B] i [ : th y Where’ nt - VLNTatidd52condaj~’
0 0 Z, g
[c] = [0]
1 [ 1 -1 0 ]
[dl=—|0 1 -1
Tl-1 0o 1
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How to connect each & every node section?
Forward SWECP: [VLNabc]m= [A] ’ [VLNabc]n _[B] ’ [Iabc]n (1)

Backward sweep: [IabC]Tl= [C] : [VLNabc]m +[d] ’ [Iabc]m (2)

For Volage Regulator ( In — Line VR or Step VR):

1/ ARy 0 0 * Voltage Regulator is also

[A] = 0 1/ag, 0 modelled as auto

0 0 1/ag, | transformer.

[B] = [0]  Voltage Regulator is 3-
phase and has Y-Y
connection.

lc] = [0]

[1/aRa 0 0 ‘ * ap =14 0.00625-Tap
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How to connect each & every node section?
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How to connect each & every node section?

No-load initialization

All nodal voltages = substation voltage (Forward sweep)
Calculate all nodal current injections: (° J;fQ
Calculate all line currents (Backward sweep)

|

Perform forward sweep to update all nodal voltages

Yes
@ Stop & Output

No

Recalculate all nodal injections using updated nodal voltages

|

Perform backward sweep to update all line currents
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Transformer model

A — Grounded Y Wye-Connected Voltage Line
Step-down Regulator Segment
n 0 2 1 aga 0 0
[at] —3 1 0 2 0 arp O [u]
2 10 0 0 agpc
I 0 0 0]
[bt]| = |2 O 2z, 000 [Zabc]
2Z;,  Zy, 0 0 0 Ol
0 0O 0 0 O] 0 0 0
[ct] 0 0O 0 0 0 0 0 0
0 00 0 0 0. 0 0 0
1[1 -1 o0 [1/apa 0 0
[dt] —|l0 1 -1 0 1/ag p 0 [u]
"1 0 1 0 0  1/ag]
11 0 -1 l/aga 0 0
[At] —|-1 1 0 0 1/aR_b 0 [u]
"o -1 1 0 0 1/ap.
Z, 0 0 000
[Bt] 0 Z, O 0 0 0 [Zabel
0 0 Z 0 0O
VLLrated primary
ng = ar =1+ 0.00625-Ta
’ VLN rated secondary R P
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[VLGabc]m:[A] [VLGapcln — [B] - Uapelm
Uapcln=lc] - [VLGapclm*[d] - Uagpclm
[VLGapcln=la] - [VLGapclm + [b] - Uapclm
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Transformer model

A — Grounded Y A — Grounded Y Ungrounded Y — A Grounded Y — Grounded Y
Step-down Step-up Step-down
0 2 1 210 1 -1 0 ng. 0 0
[a;] —?102 —l0 2 1 n|0 1 -1 0 n O
2 10 1 0 2 -1 0 1 0 0 n
0 27, Z, 2Z¢,  Zg, Zey Lty O neZy, 0 0
n n n
[be] _?t Zy, 0 27, ?’-‘ 0 27, Ztc ?t Zy,. 2Zy. O 0 nZ, 0
2Z;, Zy O Z, 0 2z, —2Z;,, Z,, O 0 0 7y,
0 0 O 0 0 O 0 0 0 0 0 O
[c] 00 0 00 0 00 0 00 0
0 0 O 0 0 0 0 0 0 0 0 0
1[1 -1 0] 1[1 0 -1 1[1 -1 0 11 0 0
[d;] —l0 1 -1 —|0 1 -1 |1 2 0 —10 1 0
Ml 1 Ml-1 0 1. Ml2 -1 0 "tlo o 1l
1[1 0 -1 1[1 0 -1 1210 11 0 0
[A¢] —|-1 1 0 —|0 1 -1 0 2 1 —10 1 0
Mlo -1 1 M1 0 1 Ml 0 2 "lo o 1
Z, 0 0 22, +Zy,,  2Zy,, —2Z;, O
[Bt] 0 th 0 [Ztabc:| 6 Zthc o ZZtca 4thc - Ztca 0 [Ztabc]
0o 0 Z, Zy, —4Zy,,  —Zy, —2Z;,, O
n VLLrated primary VLLrated primary VLNrated primary VLNrated primary
t VLNrated secondary VLNrated secondary VLLrated secondary VLNrated secondary
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Transformer model

openY — open A A—-A Open A — Open A
[at] [AV][D] [w][AV][D] [w][AV][D]
neZ 0 0
[bt] [ 0 0 —ntzt,m‘ [AV][w][Ze, 1G] [w1(BI],
0 0 0
0 0 O 0 0 O 0 0 O
[ct] [0 0 0] [0 0 0] \0 0 0]
0 0 O 0 0 O 0 0 O
11 0 0 1[1 0 0
[dt] —({0 O _1‘ [Al]" 4, —[—1 0 —1‘
ng ng
0 0 O 0 0 1
172 1 0
[At] -1 1 0 [w][AV][D] [w][BV][D],
ng
-1 -2 0
2Z 0 —Z
1 tab tbc
[Bt] z|~Ze 0 2, itz Jletl wIlBI]
_Zt O ZZt
ab c
n = VLNratedprimary n = VLLratedprimary _ VLLrated primary
‘ VLLrated secondary ‘ VLLrated secondary VLLrated secondary
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Transformer model

1 0 0 J1 0 1
(1) [AV]=nt[0 1 o‘ G IFl=z-1 1 0
0 0 1 _Ztab thc Ztca
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Series Components

How to get [A4], [B], [c], [d] for different components ?

How to get [Z,,.]Q)/ mile ?
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Generalized Matrices

[VLNgpc] = [Ael - [VLNggc] = [Be] + Uapcl5)
[VLNggcl = [at] - [VLNgpcl + [be] - [1apc16)

[Iapc] = [ct] - [VLNgp] + [de] - Uapel (7)

In Equations (5) through (7), the matrices [VLN ;| and [VLN,,_] represent the line-
to-neutral voltages for an ungrounded wye connection or the line-to-ground voltages
for a grounded wye connection.

For a delta connection, the voltage matrices represent “equivalent” line-to-neutral
voltages. The current matrices represent the line currents regardless of the
transformer winding connection.

In the modified ladder technique, Equation (5) is used to compute new node voltages
downstream from the source using the most recent line currents. In the backward
sweep, only Equation (7) is used to compute the source-side line currents using the
newly computed load-side line currents.
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Distribution System Line Models — Overview

Highlights of This Section: there are three line segment models
Exact line segment model

Node n la, S lline, > Z. la,, S Node m
.-I- L ANNN—TT & &
Ib Iline,, /4 } VA } 7 b
Vag, — iy —y bb ab ca m Vag,
.+ —9 AN\ NN > +. "
Ili I
Vbg, ﬁz:_:} LEC, . } Zch % Vbg,,
.+ >—p T—’V\/\/\/—NM > T +.
Veg, \l/ J/ [ Veg,,
1 1
Ty =Y,
| UCudy 2 ic,,, Y | 2Yad

Modified line segment model (neglecting shunt admittance of exact model)

Node n Iaﬁn Iline, Ls Ia,,

P %W“ — Noode ”
. b 1li i z Ib ;s
Vag, ELIN m }Zab a ns Ve
+ ; ¥
Vhg, e, Iline, Zoe 0 Zpe Ic,, Vbg,,
o 5 ANNA—A K
Veg,

Vegy,
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Distribution System Line Models — Overview

Approximate line segment model (in sequence domain)

Node n z, —_— Node m
. NN et 1
. +

Vag, z — Vag,,
s AN B
- +
Wgn Z+ ; Ic %gm
o VV VYV L @
- -
Vi Vi
. & (Zy—Z,)/3 €—— (L +Iy+1,) m
. AAN— s

* In this section, we will study how to derive the above three models (from KVL
and KCL), i.e., how to derive forward-backward sweep models.

e Here we will assume [Zabc] and [ Yabc] are known. How to compute the phase
impedance and phase admittance matrices using the actual phasing of the line and
the correct spacing between conductors are discussed in modeling series
impedance and shunt admittance.
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Exact Line Segment Model

The exact model of a three-phase, two-phase, or single-phase overhead
or underground line is shown 1n Fig.1.

Node. 7 :_: - lline, N Z.. - la,, Noie m
AAA— Y >
" ;
Vag, Lb“} Im Zpp Zap } Zeq H’% Vag,,
% —@ ANV =N & ®
+ . +
Vbg, i:n_} % Lo } Zpe J L Vbg,,

® ) T_/v\/v\l_ﬁﬁrﬁ L T °
+ b
Veg, l/ J/ Veg

1 1
5 Y] UC, 1, 5 Yanc]

Fig.1 Three-phase line segment model
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Exact Line Segment Model

* When a line segment 1s two phase (V phase) or single phase, some of the
impedance and values will be zero. Note that in all cases the phase impedance
and phase admittance matrices were 3 x 3. Rows and columns of zeros for the
missing phases represent two-phase and single-phase lines. Therefore, one set
of equations can be developed to model all overhead and underground line
segments.

 The values of the impedances and admittances in Fig.1 represent the total
impedances and admittances for the line segment. That 1s, the phase
impedance/admittance matrix has been multiplied by the length of the line
segment.

Node H Ian > anea > Za‘z fam Node m
o L MYWVNV— Mg ® []
Ib lline,, Z } VA } 7z Ib
Vag, 2y _ > bb ab ca = Vag,,
L4 —@ ANVNN—5N —@ ol
Ii I
Vbg,, ﬁué il 2N Z,. } Zbcj % Vbg,,
® 35— T_,VV\A,_NW\ LN T °
+ +
chn \l/ \L chm
1 1
=Y, =Y
_ [{Cﬂbc]n 2 Wase IChpelm |2 Was

Fig.1 Three-phase line segment model
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Exact Line Segment Model

For the line segment of Fig.l, the equations relating the input (node n)

voltages and currents to the output (node m) voltages and currents are
developed as follows.

Kirchhoff's current law applied at node m 1s represented by

Iline, I, - [Yea Ve Yac Vag
Ilineb — Ib +E . Yba Ybb ch ng (1)
Iline | Y Y Y V4
i C | el | fca cb ccllbegly,

Vagn.+ H’ME ; .theni? ) W_hiii., }Zab }Zm L o Ibm; +. Vag,,

w’g".ﬁ‘%’ - ;i_«,\i’,\_,fm}zbj \ ‘%.ngm

Vggﬂ l;cgm
2 Y, \L LY
o [{_Cabcln 2 [[Cabc]m 2

Fig.1 Three-phase line segment model
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Exact Line Segment Model

Iline,| |1, - [Yaa Ya Yoo [Vag!
Illine, | =|1 ts- Yoa Yoo Yoc|*|Vbg (1)
_Ilinec_ -Ic—m _Yca ch YCC_ _ch_m

In condensed form Equation (1) becomes

[”ineabc]n:[labc]m + % ) [Yabc] ) [VLGabc]m (2)

Kirchhoff's voltage law applied to the model gives

Vag] [Vag| Zoa Zap Zgo| [Iline,)
Vog| =|Vbg| +|Zba Zbp Zpc|- |lline, 3)
_ch_n _ch_m _an Zcp ch_ _”inec_

In condensed form Equation (3) becomes

[VLGabc]n:[VLGabc]m + [Zabc] ) [Ilineabc] (4)
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Exact Line Segment Model
[Ilineabc] :[Iabc]m + % ’ [Yabc] ’ [VLGabc]m (2)

VLGapcln=lVLGapclm + [Zapc] - Hlinegp] (4)
Substituting Equation (2) into Equation (4),
VLGanln=IVLGabclm + (Zane] * {Uanelm + 5 Wane] - [VLGavclm) ()
Collecting terms,
[VLGabc]n:{[u] + % [Zape] - [Yabc]} VLGapclm™Zapel - Uapelm (6)

where

1 0 O
[ul]=10 1 O] (7)
0 0 1
Equation (6) is of the general form
[VLGabc]n:[a] ) [VLGabc]m+[b] ) [Iabc]m (8)
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Exact Line Segment Model

[VLGabc]n:[a] ) [VLGabc]m+[b] ’ [Iabc]m (8)
where .
la] = [u] + 2 ‘[Zapel * [Yapcl (9)
[b] = [Zapc] (10)
The input current to the line segment at node »n 1s
1,| [lline, ) YV Y Yool [Vag
I| = Ilineb +E Yoa Yoo Yocl- ng (11)
1| |Iline,| Yo Yoo Yeo| [V

-n

In condensed form, Equation (11) becomes

Uapcln=lllineapc] +5- Yapel - VLGapeln  (12)
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Exact Line Segment Model

[Ilinegpc]l =llapclm + % [Yapel - [VLGapclm (2)
[Iabc]n:[”ineabc] + % ’ [Yabc] ’ [VLGabc]n (12)

Substitute Equation (2) into Equation (12):

[Iabc]n:[labc]m + % ) [Yabc] ’ [VLGabc]m +% ) [Yabc] VLGabc (13)
[VLGabc]n:{[u] + % [ Zapel - [Yabc]} |VLGapelmHZavel - avelm (6)

Substitute Equation (6) into Equation (13):

[Iabc]n:[labc]m + % ) [Yabc] ) [VLGabc]m (14)

1 1
+E ) [Yabc] L{[u] + E ) [Zabc] ) [Yabc]} ) [VLGabc]m +[Zabc] ) [Iabc]m}

Collecting terms 1n Equation (14),

[Iabc]n:{[yabc] + i ’ [Yabc] ’ [Zabc] ) [Yabc]} ) [VLGabc]m+{[u] + % ’ [Zabc] ’ [Yabc]} ) [ abc]

(15)
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Exact Line Segment Model

[Iabc]n:{[yabc] + % ' [Yabc] ' [Zabc] ’ [Yabc]} ’ [VLGabc]m+{[u] + % ) [Zabc] ' [Yabc]} ’ [Iabc]

(15)
Equation (15) 1s of the form
Uavcln=lc] - VLGapelmtd] - Uanclm (163)
where
1
Backward [C] - [Yabc] + Z ) [Yabc] ’ [Zabc] ’ [Yabc] (17)
sweep equation 1
P d) = [u] + 5+ Zapel * Yan (18)
[VLGabc]n:[a] ) [VLGabc]m+[b] ) [Iabc]m (8)
Equations (8) and (16) can be put into partitioned matrix form:
[ VLGabC ] [ [ VLGabC ] (19)
abc abc

IOWA STATE UNIVERSITY
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Exact Line Segment Model

[VLZCZbC ] [ [VLGabc ] (19)

abc
Equation (19) is very similar to the equat1on used in transmission line analysis when
the A, B, C, D parameters have been defined [1]. In the case here the a, b, ¢, d
parameters are 3 X 3 matrices rather than single variables and will be referred to as the
“generalized line matrices.”
Equation (19) can be turned around to solve for the voltages and currents at node m in
terms of the voltages and currents at node n:

[ VLGabc ] [ _1 ) [[VLGabc]n] (20)
abc [Iabc]n
The inverse of the a, b, ¢, d matrix is s1mp1e because the determinant 1s
[a] - [d] - [b] - [¢] = [u] (21)

[1] Glover, J.D. and Sarma, M., Power System Analysis and Design, 2nd edn., PWS Publishing Co., Boston, MA, 1995.
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Exact Line Segment Model
VLGabc 17" . [VLGabc]n]
[ abc ] [ [ [Iabc]n (20)
[e] = [u] (21)
Using the relationship of Equat1on (21), Equation (20) becomes
VLG b VLGabC
a C 22
’ abc ] [ ’ abc ] ( )

Since the matrix [a] 1s equal to the matrix [d], Equation (22) in expanded form
becomes

[VLGabc]m = a] ) [VLGabc]n - [b] ) [Iabc]n (23)

[Iabc]m = —[c] - [VLGabc]n + [d] - [Iabc]n (24)
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Exact Line Segment Model

[VLGabc]n:[a] ) [VLGabc]m + [b] ) [Iabc]m (8)
Sometimes it is necessary to compute the voltages at node m as a function of the
voltages at node n and the currents entering node m. This is useful in the ladder
iterative technique, 1.e., the forward sweep equation.
Solving Equation (8) for the bus m voltages gives

[VLGabc]m:[a]_l' {[VLGabc]n _ [b] ) [Iabc]n } (25)

Equation (25) is of the form

[VLGabc]m:[A] ) [VLGabc]n o [B] ’ [Iabc]m (26)
where [A] = [a] ™} (27)
[B] = [a]~* [b] (28)

IOWA STATE UNIVERSITY ECpE Department




Exact Line Segment Model

The line-to-line voltages are computed by

|4

Vab 1 —1 0 ag
Vye = [ 0 1 —1]- ng = [D] - [VLGabc]m (29)
where
1 -1 0
[Dl={0 1 -1 (30)
-1 0 1

Because the mutual coupling between phases on the line segments is not equal, there will be
different values of voltage drop on each of the three phases. As a result the voltages on a
distribution feeder become unbalanced even when the loads are balanced. A common method
of describing the degree of unbalance 1s to use the National Electrical Manufactures
Association (NEMA) definition of voltage unbalance as given in Equation (31) [2].

|Maximum Deviation from Average|

-100%

Vunbalance = | v |
average

[2] ANSI/NEMA Standard Publication No. MG1-1978, National Electrical Manufactures Association, Washington, DC.
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